SURFACES WITH NONTRIVIAL SURJECTIVE ENDOMORPHISMS OF 

ANY GIVEN DEGREE 



ANTONIO RAPAGNETTA AND PIETRO SABATINO 

Abstract. We present a complete classification of complex projective surfaces 
X with nontrivial self-maps (i.e. surjective morphisms / : X — ¥ X which are 
not isomorphisms) of any given degree. The starting point of our classification 
are results contained in [6. and [8: that provide a list of surfaces that admit at 
least one nontrivial self-map. We then proceed by a case by case analysis that 
blends geometrical and arithmetical arguments in order to exclude that certain 
prime numbers appear as degrees of nontrivial self-maps of certain surfaces. 



1. Introduction and statement of the result 

We work over the complex field C. All the varieties that we will consider will be 
projective and smooth, in case of exceptions we will explicitly state it. 

Definition 1. Let X be a complex projective variety and let / : X — > X be a surjective 
endomorphism of X, i.e. a morphism of X onto itself. / is said to be a nontrivial self- 
map if it is not an isomorphism, or equivalently if the degree of / is greater than or 
equal to 2. 

In what follows we will provide a complete classification of surfaces that admit a 
nontrivial self-map of any given degree, this is the content of the following Theorem. 

Theorem 2. A surface admits nontrivial self-maps of any given degree if and only if it 
is one of the following: 

(i) P x x Pi 

(ii) Etale quotient of P 1 x C, C a smooth curve with g{C) > 2, by a cyclic group 
G of automorphisms of C acting freely on C and faithfully on P 1 . If G is not 
trivial its order is a prime p and for every 8 £ (Z/pZ)* there exists ip £ Aut(C) 
such that f o g — g ±s o ip for every g g G. 

(iii) X is ^-bundle over an elliptic curve E, V(Oe © £), where C is a k-torsion 
line bundle on E and either k = 1,2,3 or 

(iiia) k = 4, E is the elliptic curve relative to the lattice < 1, 4 + >, and 

C is in the kernel of either § + i 2 or 1 ~~ ^^T ■ 

(iiib) k = 5, E is the elliptic curve relative to the lattice < 1, i >, and C is in 
the kernel of either 2 + i or 2 — i. 

(iiic) k = 7, E is the elliptic curve relative to the lattice < 1, | + >, and 

L is in the kernel of either § + ^ or § - 

Looking at the above list, one immediately realizes that a priori it is not clear whether 
or not there exist examples of surfaces that satisfies Theorem [2] (ii). But, it turns out 
that such examples exist and we describe some of them in Example[2T] Our description 
is based on the classical result of Hurwitz that states that every finite group can be 
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realized as an automorphism group of some compact Riemann surface (see [5] for 
instance). 

The starting point of our analysis is the following result that provides a list of surfaces 
that do admit at least one nontrivial self-map. 

Theorem 3. Let X be a complex projective surface, X admits a nontrivial self-map if 
and only if one of the following conditions is satisfied 

(i) X is an abelian surface; 

(ii) X is an hyperelliptic surface, X is an entry in the list of Bagnera-de Franchis 
(see for example [2, pp. 83-84]); 

(iii) X is a minimal surface k(X) = 1 and x(Ox) = 0; 

(iv) X is a toric surface; 

(v) X is a P 1 -bundle over an elliptic curve; 

(vi) X is a ^-bundle over a nonsingular projective curve B with g(B) > 1 such 
that X Xg B' is trivial after an etale base change B' —> B. 

Proof. See [6, Theorem 3.2] for the case k(X) > and [8, Theorem 3] for the case 

k(X) = -oo. ' □ 

Since the degree of self-maps is multiplicative with respect to the composition, one 
realizes immediately that a surface admits nontrivial self-maps of any given degree if 
and only if it admits nontrivial self-maps of any given degree. Hence trough the rest of 
this paper we will restrict our analysis to nontrivial self-maps of prime degree without 
any further comment. Theorem [5] will follow from Theorem [3] after a case by case 
analysis involving both geometric and arithmetic arguments. 

Notations 4. We will denote by = num , =Hm respectively linear equivalence and numer- 
ical equivalence of divisors. For a locally free sheaf £ on a smooth projective variety 
we put P(£) := Proj (Sym(£ v )) , note that our notation coincide with the P(£ v ) of 
Hartshorne's book. 

2. Abelian Surfaces and the case k(X) > 

First of all we are going to analyse case (i) of Theorem [3] namely abelian surfaces. 
This case will be a direct consequence of the Lemma below. 

Lemma 5. Let T be a complex torus. There exist an infinite number of primes that 
do not appear as degree of a nontrivial self-map of T. 

Proof. Let V a complex vector space of dimension g and A a lattice in V. Put T — V/A. 
Every nontrivial self-map / : T — s- T is the composition of a translation and a group 
endomorphism of T , then we may suppose without loss of generality that / is a group 
endomorphism of T. Denote by End(T) the set of group endomorphisms of T. Denote 
by p a and p r extensions of the analytical and rational representation of End(T) to 
EndQ(T) = End(T) <g) Q (see [U p. 10]). The extended rational representation 

p T ® 1 : End Q (T) ® C -> End c (A ® C) ~ End c (F x V") 

is equivalent to the direct sum of the analytic representation and its conjugate [4, 
Proposition 1.2.3] 

(1) Pr ® 1 ^ Pa © 

Observe now that deg(/) = det p r (f) = det p a (f)det p a (f)- Since p r (f) has integer 
entries its eigenvalues are all algebraic integers, it follows by JT]) that detp a (/) is also 
algebraic integer. Moreover detp a (/) for all / e End(T), are all contained in the 
same number field that depends only on T. Indeed they generate an extension, say 
K , contained in a finitely generated extension of Q, namely the extension generated 
by the entries of a period matrix for T. It is a well known fact that K is finitely 
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generated too [7 p. 229, Remark]. We may suppose without loss of generality that K 
is Galois over Q. Summing up we have that if a prime p appears as the degree of an 
endomorphism of T then 

(2) p = aa, a G K 

K a Galois number field and a an algebraic integer. Moreover in what follows we may 
and will restrict our attention to primes that do not ramify in the extension K, since 
the number of these primes is finite. If a prime satisfies J2]) then no prime ideal in K 
that divides (p), the ideal generated by p in the ring of integers of K , admits complex 
conjugation as its Frobenius. It follows by Cebotarev density theorem [9] Theorem 13.4, 
p. 545] that the complementary set of the set of primes that satisfy ([2]) has analytic 
density strictly greater than zero. □ 

Corollary 6. Let A be an abelian variety, then there are an infinite number of primes 
that do not appear as degree of a nontrivial self-map of A. 

Remark 7. Riemann-Hurwitz formula implies that if a curve C possesses a nontrivial 
self-map then g(C) < 1. Moreover by Corollary [5] it follows that P 1 is the only curve 
with nontrivial self-maps of any given degree. 

Now we come to (ii) and (iii) of Theorem [3] The proof of the following Proposition 
starts considering surfaces of Kodaira dimension one. After a preliminary argument we 
are left with surfaces such that p g = and 5=1 that we are able to treat by an 
argument that holds for surfaces in Theorem [3] (ii) too. 

Proposition 8. Let X be either a minimal surface with k(X) = 1 and x[@x) = or 
an hyperelliptic surface. X fails to admit a nontrivial self-map of degree a given prime 
for an infinite number of primes. 

Proof. First of all suppose that X is minimal, k(X) = 1 and = 0. Note 

that K\ = and then the topological Euler-Poincare characteristic e(X) is zero too. 
Moreover X admits an elliptic fibration tt : X — > B, B a smooth curve, and since 
e(X) = exceptional fibres are multiples of a smooth elliptic curve [1, Proposition 
(11.4) and Remark (11.5), p. 118]. 

Arguing as in [3] Chapter VI] it follows that I~(Fx B)/G where F and B are 
smooth curves g(F) = 1, g(B) > 2 and G is a group of automorphisms of F and B such 
that G acts freely on FxB. Moreover B/G ~ B and^r : X ~ (FxB)/G -> B ~ B/G 
is the map induced by the projection of F x B onto B, in particular every smooth fibre 
of tt is an elliptic curve isomorphic to F. 

Observe now that a suitable pluricanonical map factorizes through tt and an em- 
bedding of B in some projective space [2, Proposition IX. 3, p. 108]. Let / : X —> X 
a nontrivial self-map. Pulling back multiples of canonical divisors by / induce a map 
fs'-B—^B such that the following diagram commutes 

/ 




It follows that degf — deg(/e) deg(/ij?) where deg(/|f ) denotes the degree of the 
restriction of / to a smooth fibre. 

If g(B) > 1 then deg(/s) = 1 and X fails to admit a nontrivial self-map of degree 
a given prime for an infinite number of primes because the same holds for F (Remark 
I?}. If B is an elliptic curve, any prime appearing as the degree of an endomorphism of 
X is also the degree of an endomorphism of the abelian surface B x F, the missing 
primes are infinite by Corollary[6] 
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If B is rational 

H 1,0 (5) = H 1,0 (.F x B) G Si H 1,0 (F) G 8 H 1 '°(_B) G £ H X '°(F/G) © H ll0 (B). 

Since x(Cx) = we have q = 1 and _F/G is elliptic. The fibres of the natural map 
a : (F x B) — » F/G are connected and isomorphic to B, then a is the Albanese map 
of X. By the universal property of the Albanese map there exists a ip : F/G — >• F/G 
such that a o / = ^oa. Again deg(/) = deg((p) deg(/s) and we can conclude as 
above. 

The case of hyperlliptic surfaces is analogous, since in this case the Albanese variety 
is an elliptic curve and the fibres of the Albanese map are isomorphic elliptic curves. □ 

3. The case k(X) = -00: toric surfaces 

We are going to show that, in the case of a toric surfaces, the presence of curves of 
negative self-intersection implies that, up to a finite set, degrees of nontrivial self-maps 
of the surface are not square free. But before dealing with the specific case of toric 
surfaces, we briefly recall how a general nontrivial self-map of a surface X acts on the 
set of curves of X. 

Remark 9. Let X be a surface with a nontrivial surjective endomorphism, / : X X. 
Let G and D be irreducible curves on X such that f(C) = D. Since /*o/* = dcg(/)Id 
on NS(X), there are positive integers a,b such that /*(G) = num aD and f*(D) = nU m 
bC where deg/ = ab. As a consequence, G 2 = if and only if D 2 = 0, hence the 
image under a nontrivial self-map of an irreducible curve with zero self-intersection is 
always a curve with the same property. Analogously G 2 < if and only if D 2 < and 
in this case we also have f^ 1 {D) = G: in fact any two distinct components f^ 1 (D) 
should be curves with negative self-intersection whose classes in NS(X) are linearly 
dependent (by injectivity of /»). Hence, if we denote 

S x = {G irreducible curve | G 2 < 0} 

the map of sets / : Sx — > Sx, C n- f(C) is bijective. 

In the proof of Proposition [11] below we will make use of the following elementary 
statement. Since we will need it in the subsequent sections we state it in the form of 
a Lemma. 

Lemma 10. Let X be a surface that contains one and only one curve C such that 
G 2 < 0. If f : X —> X is a nontrivial self-map then deg(f) is a square. 

Proof. In view of the above Remark [9] we have /(G) = G, f*C = num a\C and 
/*C = num o-iC for suitable integers such that deg/ = a\ai. By the Projection 
Formula 

ai C 2 = f*C ■ C = G • f,C = a 2 C ■ C = a 2 G 2 
hence a\ = a 2 and deg / is a square. □ 

Proposition 11. The only toric surface admitting nontrivial self-maps of any given 
degree is P 1 x P 1 . If S ^ F 1 x P 1 is a toric surface, S fails to have a nontrivial self-map 
of prime degree for all but at most a finite number of primes. 

Proof. Let X be a toric surface, by the classification of toric surfaces, see [10, Theorem 
1.28, p. 42] for example, X is obtained by a finite number of equivariant blow-ups from 
the projective plane or a Hizerbruch surface F„, n > 0. The only cases in which Sx is 
empty are either X ~ P 2 or X ~ P 1 x P 1 . All the nontrivial self-maps of the former 
have degree a square, the latter instead has nontrivial self-maps of any given degree. 

Suppose now that Sx is nonempty. Since X is a toric surface, any irreducible curve 
on X with negative self-intersection is included in the complement of the torus, hence 
Sx is finite. If Sx consists of only one element, then our claim follows by Lemma 
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[TUT If Sx contains more than one element then X is not minimal as it follows by the 
classification of rational surfaces. Let D € Sx be a — 1-curve on X and C £ Sx such 
that /(C) = D, recall Remark We have 

(3) b 2 C 2 = f*D ■ f*D = f*(D ■ D) = -deg(/) 

and since Sx is finite C 2 in ([3]) can only take a finite number of values. It follows that 
apart from a finite number of values deg(/) is not square free. □ 

4. The case K (X) — — oo: P 1 -bundles over a non rational curve 

First of all we are going to introduce notations that will be used in this and the next 
Section. 

Notations 12. We denote by £ a rank two vector bundle over a curve B of genus g(B) 
greater than or equal to one, and put X = ¥(£). Moreover we denote by ir : X —> B 
the projection associated to the projective bundle structure. Since g(B) > 1, given a 
nontrivial self-map / : X — > X, it induces a nontrivial self-map of B that we denote 
by !b- 

Note that dcg(/) = deg(/s) • deg(/ P i), where deg(/ P i) denotes the degree of / 
when restricted to a fibre, this degree does not depend on the particular chosen fibre. 
Moreover if deg(/s) > 1 i.e. fg is a nontrivial surjective endomorphism, B is an elliptic 
curve. 

We are going to analyze case (vi) of Theorem [3] The main result of this section is 
the following: 

Theorem 13. Let £ be a rank two vector bundle over a projective curve B of genus 
g > 1. The projective bundle X = P(£) admits a nontrivial self-map of degree n for 
every positive integer n if and only if 

(i) £ ~ O C where C is either a trivial or a torsion line bundle of order p a prime 
and in the latter case 

(ii) for every m E (Z/pZ)* there exists an automorphism cp 6 Aut(B) such that 
<p*{£) ~ £ ±m . 

Before proving the above Theorem we recall some well known facts on P 1 -bundles 
over a smooth projective curve, and in the meantime we will establish some notations. 

Remark 14. Suppose that X = ¥(£) where £ is a locally free sheaf of rank two vector 
bundle of degree e on the smooth curve B. We have NS(X) = Zi? + 7LF , were H is a 
divisor such that Ox(H) ~ 0(1) and F is a fibre of the projection ir. If D is a divisor 
on X such that D 2 = its class in NS(X) is either a multiple of F or a multiple of 

H+IF. 

If / : X —> X is a nontrivial self-map that induces an automorphism on the base 
B the ramification divisor R of / satisfies R =n n K x /b — I*K x /b anc l moreover we 
have K X /b =num ~2H - eF. It follows that K\ jB = and (f*Kx/ B ) 2 = which 
implies f*K x /B =num -2(deg/)if- (deg/)eF. Summing up we have 

R = num (1 - dcg f)K x / B and R 2 = . 

Remark 15. If X = P(£) admits two disjoint sections, £ is isomorphic to the direct 
sum of two line bundles, and then X = P(0 ® C) up to an isomorphism obtained 
tensoring by a suitable line bundle. If C is nontrivial, we denote by S\,S2 the sections 
of X corresponding respectively to the line bundles O and C, and by S\,S2 ■ B — » X 
the associated embeddings. We have Ns 1 /x — ^s 2 /X — S* 2 = dcg(£) = e and 
S 2 = - deg(£) = -e. 
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If deg(£) > 0, 52 is the only curve on X of negative self-intersection. In case 
deg(£) = and C is not trivial, the curves Si, 52 are the only sections of zero self- 
intersection and any class in NS(X) whose square equals zero is either a multiple of 
the class of H or a multiple of the class of F. 

Remark 16. Curves dominating B and of zero self-intersection on X = P(0 © £), C 
a torsion line bundle of order k, will play a central role in the proof of Theorem [13] A 
particular curve of this type is given by the etale cyclic cover j : B B of degree k 
determined by C. We are going to recall how to construct B, see for instance [1, p. 54]. 
Denote by L the total space of C, and by pr L : L — > B the bundle projection. The 
zero divisor of the section 1 — l k in L, where / e T(L, pr^jC) is the tautological section, 
is the curve B and j is the restriction to B of the bundle map. Observe that there is 
a canonical isomorphism of varieties L ~ X \ S2, and that through this isomorphism 
the image of B is disjoint from Si. By the above description the projective irreducible 
curve B is a principal divisor in X \ S2 and the normal bundle to B in X is trivial. 

Let D 5i,52 be an irreducible curve in X dominating B such that D 2 = 0, 
we are going to show that D C X \ S2 — L and there exists a € C* such that the 
automorphism of varieties 

H a : L -> L 

induced by multiplication by a, sends D to £?. Since £> 2 = and 13 dominates £?, the 
divisor D is numerically equivalent to a multiple of Si and S2, in particular it is disjoint 
from Si U S2 and thus lies in the complement of the zero section of X \ S2 — L that 
coincides with Si. Since B is a principal divisor in X \ S2, the intersection of B with 
a different projective curve included in X \ S2 is empty. Since multiplication by scalars 
acts transitively on the non zero elements of the fibres of L, there exists a <E C* such 
that B n /J. a (D) is non empty and this forces B = fi a (D). In particular the restriction 
of 7r to such a D gives an etale covering of B isomorphic to j : B B, and D ■ F = k. 

Theorem [13] will be a consequence of the next two Propositions. In Proposition [171 
we study nontrivial self-maps of surfaces of the form P(Offl£) where £ is a torsion line 
bundle on a curve B of genus g(B) > 1. In Proposition [18] we characterize P 1 -bundles 
on a curve of genus greater then one admitting an endomorphism of degree two. 

Proposition 17. Suppose X = P(0 © C), where C is a torsion line bundle on B of 
order k > 1, and the genus of g(B) > 1. X admits a nontrivial self-map f : X — > X 
such that fs € Aut(B) and deg(/) = d if and only if either 

(i) k\d, or 

(ii) there exists tp € Aut(S) such that tp*£ ~ C m with d = ±m mod k. 

In case (ii) there exists a nontrivial self-map f of degree d such that fs = and either 

f*Si = dSi for i = 1,2 or f*S, = dSj for i^j. 

Proof. We begin by proving the only if part of our statement. Since fs is an auto- 
morphism f(Si) is a section. Moreover, see Remark [9] (/*(Si)) 2 = 0, therefore either 
f(Si) = Si or f(Si) = S2 for i = 1,2. Then there are three possible cases 



(4) /(Si) = Si and /(S 2 ) = S 2 

(5) /(Si) = S 2 and /(S 2 ) = Si 

(6) /(Si) = /(S 2 ) = Si for either i = 1 or i = 2 

and in any of the cases above the pullback of the divisor Sj is given by 

(7) f*Sj - mjSx + n 2d S 2 + ]T hC 



where n\j,ri2,j are nonnegative integer, k L are positive integers, and C L 7^ S\,S2 are 
distinct irreducible curves. Since X contains no curve with negative self-intersection, 
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the irreducible components of f*(Sj) are disjoint, C, dominates B, and Cf = for 
every i. By Remark[16]we also know that C, intersects transversally every fibres of 7r in 
k points. Since f*(F) =jj d F we are able to recover the degree of / as the intersection 
number between F and f*Sj hence 

d — m t j + n,2j + k k L . 

i 

In case ([6]) there exists j such that n\j = ri2,j = and the intersection number 
between f*Sj and F is k^2, K- ' n cases ((4])— (0) we have f(Si) — Sj the multiplicity 
ri2,j is zero and rf = n\j mod fc, j = 1, 2. We have then 

(8) f* B Af Sj/ x * fBS*0(Sj) ~ * s^KA) ~ (^/x)" 1 - • 

Since ^ A/^ 2/x ~ £ we get /££ ~ in case © and f* B £ ~ in 

case ([5]). Setting = /g we get iys*£ ~ £ m with d = m mod for m = in case 
Q and i^*£ ~ £ m with d = — m mod A: for m = —711,2 in case ([5|). 

Now we come to the proof of the if part of our statement. Denote by 0,L respec- 
tively the total spaces of O and £ and by O x and ~L X fibres of the bundle map over 
the point x. First of all suppose that k\d. In this case, the isomorphism i : L® d — > O 
enables us to construct a degree d morphism of varieties 

F : OffiL^ OffiL^" 1 

(a, € O x © L x (a d + i{l® d ),a • Z^" 1 ) E O x ® Lf 

Since F is homogeneous on the fibres it induces a degree d morphism F : P(0®£) — > 
P(0©£ d_1 ) and composing with the canonical isomorphism P(0©£ d " 1 ) ~ P(£®£>) 
induced by tensorization by £ we get the desired endomorphism. 

Suppose now that d = ±m mod k and that there is an automorphism of B, ip such 
that ip*C ~ £ m . Since £ is of /c-torsion, we have a degree d map 

OeL-)-0©L d ~0® L ±m ~ O © ^*L ±X 

given on the fibres by 

and hence a map 0i : P(C ©£)—>• P(C © <^*£) of degree d that induces the identity 
on the base. Moreover the natural map 

02 : P(0 © y*^ 1 ) =s P(0 © £ ±x ) x v S -> P(C © £ ±x ) ~ P(C © £) 

is an isomorphism that induces ^ on the base. It follows that cj> = (j>\o<f>2 is a nontrivial 
self-map of P(Offi£) that induces ip on the base. The final part of the statement holds 
setting / = <f>. □ 

Proposition 18. Let X = ¥(£) —> B be a projective bundle, with £ a locally free sheaf 
of rank two on B a curve of genus g(B) > 2. Suppose X admits a nontrivial self-map 
of degree two, then either 

(i) X = F(0 © £) with £ a torsion line bundle, or 

(ii) The ramification divisor Rf of f is a smooth irreducible curve, the restriction 
of -k to Rf is an Stale double covering of B and the normal bundle A[r { /x to 
Rf in X is a torsion line bundle of order strictly greater than 2. 

Proof. Let / : X — > X be a nontrivial self-map of degree two. Since fs is an automor- 
phism, the restriction of / to every fibre is a double covering of P 1 , hence it ramifies 
at exactly two points. It follows that Rf is a smooth curve intersecting transversally 
every fibre of ir in two points. Therefore Rf is either union of two disjoint sections Si 
and S-2 or it is an etale double covering of B. 
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In the first case each one of this sections has zero self-intersection by Lemma [TO] 
If X is not the trivial projective bundle Si and S2 are the unique sections zero self- 
intersection. Moreover the image T = /(Si) is a section of zero self-intersection by 
Remark[9] therefore T = Sj for either j = 1 or j = 2. As a particular case of equation 
CP we get 

f*B^S 3 /X =S (M Sl /x) 2 

and since Ns-i/x —■^s 2 /x we obtain 

either f* B ^l/x) * W Sl /x? or f B Af Sl/ x ^ (A^/x) 2 . 
In both cases, since fs has finite order in the group of automorphisms of B, Ns-i/x 
(hence also JVs 2 /x) IS a torsion line bundle. 

We turn our attention to case (ii), namely when Rf is irreducible. We denote by 
i : X — > X the involution associated with /. We may assume that X contains no 
sections with zero self-intersection. Otherwise, denote by S such a section, the curves 
S and S' := i(S) are numerically equivalent, hence they are disjoint. It follows that 
Ns/x — Ns> jx- n the other hand, since i descends to the identity on B it induces 
an isomorphism N s /x — ■N's'/x- We conclude X ~ ¥{0 ® M S /x) and Nf? x ^ O 
and we are in case (i). 

We may also assume that f(Rf) = Rf - Otherwise the image T = f(Rf) satisfies, 
by Remark [9] T 2 = and since by the above argument we may suppose that f(T) is 
not a section, we have that T ^ i(T). Since T and i(T) are numerically equivalent they 
are disjoint too. Hence making a base change by the etale double covering 7T| T :T^B 
we get a P^bundle over T with four disjoint sections (two of them mapping onto T 
and the others onto i(T)). So this projective bundle is trivial and X is the quotient 
of T x P 1 by a Z/2Z-action without fixed points. Such an action is always diagonal 
(see Remark IT9|). hence there exist Pi,P2 & P 1 such that T x pi is sent to itself by the 
Z/2Z-action. The image Si of T x pi in X is a section and the pullback of its normal 
bundle to T x pi is trivial. Hence JVs { /x IS a torsion line bundle of order two and we 
are again in case (i) of the Proposition. 

Finally assuming f(Rf) = Rf and denoting by / : Rf — > Rf the restriction of / 
we get f*Mji f /s — /s anc ' s ' nce / nas finite order, the normal bundle MrjJs 
is a torsion line bundle. We can exclude that A/j^ / s — O. Indeed this would imply 
that Mr./s — O, and after a base change by the restriction of ir to Rf we get a 
P 1 -bundle over Rt having two sections with trivial normal bundles, so again it is the 
trivial P 1 — bundle and X is as in case (i). □ 

We are now in position to prove Theorem [T3l 

Proof of Theorem\T3 . Let X = P(£) be a surface admitting a nontrivial self-map of 
degree n for every n € N. By Proposition [T8l either 

(i) X = F(0 ffi £) with C a torsion line bundle, or 

(ii) there exists a nontrivial self-map of X of degree two such that the restriction 
of 7r to the ramification divisor Rf of / is a nontrivial etale double covering of 
B and the normal bundle Mr,/x to Rf in X is a torsion line bundle of order 
strictly greater than 2. 

In case (i) we may suppose that C is not trivial since otherwise our statement is clearly 
true. Let k > 2 be the order of C. By Proposition [T7] for every non zero r G Z/feZ 
there exists ip G Aut(B) such that (p*(C) ~ C ±r . We only need to remark that k must 
be prime since pulling back by an automorphism of B preserves the order of a torsion 
line bundle. 

In case (ii) let m be the order of Nr./x- First of all we claim that for any curve 
C 7^ Rf on X such that C 2 = 0, the intersection number C-F is a multiple of m. In fact 
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the etale double covering Rf — » B induces an etale double covering h : Rf x b X — » X 
and h~ 1 (Rf) is the union of two disjoint sections Si and S2 whose normal bundles 
are N Rf / x and / x - Hence Rf x B X ~ P(0 N Rf / X )- Let C" be a component 
of /i _1 (C), since P(0 © J^r./x) contains no curve with negative self-intersection we 
have C" 2 = 0. Moreover C ^ Si, S 2 because C ^ Rf. By Remark[Tg]C" is a degree 
to cover of Rf and, since the degree of h is two, the degree of the restriction of ir to 
C = h(C) C X is either to or 2m. In both cases to divides C ■ F. 

We are going to show now that X does not admit a nontrivial self-map of degree 
to. Indeed, let g : X —> X be such a map. Pulling back the divisor Rf we get 

(9) g*(R f ) = aRf+J2 b i c i 

where fej > and C| = for all i. By Remark[5]the curve g(Rf) has self-intersection 
zero, moreover since g induces an automorphism on the base B, we have g*(Rf) ■ 
F = 2 < m. We deduce, by the above claim on curves of self-intersection zero 
that g(Rf) = Rf- Therefore a is strictly positive too. Intersecting both members of 
equation ([9]) with F we get 

2m = 2a + bm . 

Since a > either 6=1 and 2a = m or b = and a = to. In both cases a > 2 
because to > 2. Let g : i?y — > i?/ be the restriction of g and denote by i : Rf — » X 
the closed embedding. Then 

?Wn f /s)) = i*9*{0{Rf)) = i*(0(aRf))=Af^ /s . 

This is absurd because g is an automorphism, Afn./s is a torsion line bundle of order 
to and / s is a torsion line bundle of order m/a < to. This proves the 'only if part 
of the statement, the 'if part follows directly from Proposition [T7] □ 

It is not immediately clear whether or not surfaces satisfying the characterization of 
Theorem [T3] do exist. In order to provide examples of such surfaces, we are going to 
reformulate Theorem [13] in terms of etale quotients of trivial projective bundles, this is 
the content of Corollary [20] This will lead us to explicit examples, see Examples [21] 

We start with the following Remark in witch among other things we will fix notations 
needed later on. 

Remark 19. Let C be a smooth projective curve of genus g(B) > 1. Let h : P 1 x C — >• 
P'xCa nontrivial self-map, since g(C) > 1 we have h — hi x h 2 where hi : P 1 — >• P 1 
is a nontrivial self-map and hi : C — > C is an automorphism. 

Let G be a cyclic group of automorphisms of C that acts on P 1 x C. For every 
g G G we denote by <f> g : P 1 x C — >• P 1 x C the induced automorphism. In particular 
$> g = (f> g X g where <f> g is an automorphisms of P 1 , it follows that G acts on P 1 too 
and the action on P 1 x C is the induced diagonal action. Moreover if the order of G 
is to, there exists an affine coordinate z on P 1 such that <f> g (z) — ez where e is a m-th 
root of the unity. 

Corollary 20. Let X be a nontrivial P 1 -bundle over a smooth projective curve B of 
genus g(B) > 1. The surface X admits nontrivial self-maps of any given degree if and 
only if there exist a prime number p, a curve C and G a group of automorphisms of G 
acting on P 1 such that 

(i) G is cyclic of order p , it acts freely on C, faithfully on P 1 and X is a Galois 
etale quotient X ~ (P 1 x C)/G. 

(ii) For every non zero 8 £ TLjp7L there exists an automorphism ip e Aut(C) such 
that for every g G G either tp o g = g s o <p or <p o g = g~ s o ip. 
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Proof. Let X be a nontrivial P 1 -bundle over a curve B admitting nontrivial self-maps 
of any given degree. We are going to prove that there exists a prime p such that (i) 
and (ii) hold. By Theorem [3] X ~ P(C © C) where £ is a p-torsion line bundle on B, 
p a suitable prime. Let j : C — > B be the Galois etale cover of B determined by C, 
G C Aut(C) its Galois group, G is cyclic of order p. Let j : X x b C —> X be the 
induced Galois etale cover. Since C pulls back to a trivial line bundle on C, 

X x B C -F 1 xC 

and X is the quotient of X XbC by a G-action. The action of G on P 1 x C is diagonal 
(see Remark [19]), moreover G acts freely on C, and faithfully on P 1 , otherwise X would 
be isomorphic to P 1 x B. 

Let 8 e (Z/pZ)* be the representative of a prime d and let / : X — > X be a 
nontrivial self-map of degree d. We claim that / lifts to a degree d endomorphism / : 
P 1 x C — > P 1 x C. As a first step we are going to show that the induced automorphism 
Jb lifts to an automorphism fc ■ C — > C. By Proposition [TT] f B {£) — C ±A , hence 
j* o f B (£) ~ j*(C ±s ) ~ Oc and there exists an induced regular map of algebraic 
varieties 7 : C x C — » L, where L denotes the total space of the line bundle C. Denote 
moreover by s : C — > C X C a non zero section of C x C and by pr L : L — » £? the 
bundle map. 

The image 7 o s(C) is a projective curve in the complement of the zero section in 
L, by Remark [16] the restriction of pr L to such a curve gives an etale covering of B 
isomorphic to the etale covering j : C — s- B. Denote by a an isomorphism between 
these two etale covering of B, we then have 

Ib ° j = pr L o 7 o s = j o a o 7 o s 

hence Jb lifts to the automorphism fc G Aut(C) given by fc '■= c 7 s. 

Finally we are going to show that the existence of the lift fc of fg implies the 
existence of a lift / : P 1 x C ~ X x B C -t P 1 x C ~ X x B C of /. Indeed, denoting 
by i : I Xg C -> C the projection on the second factor, we have a commutative 
diagram 

Xx B C - - ^ X x B C 




where the dotted arrow / exists by the universal property of the fibre product X Xb C 
since it o / o j = j o f c o -fr. By Remark [19] we have / = if> x fc where tp : P 1 —> P 1 is 
a degree d nontrivial self-map of P 1 . By the last part of Proposition [17] we may also 
suppose that either f*(Si) — dSi or f*(Si) — dSj. Since sections Si and S2, up to a 
change of cooordinates, lift to {0} x C and {00} x C on P 1 x C, it follows that the 
endomorphism ip is given by either z i-> az d or z H> a,b E C*. Since ip x fc 

descends to X, there exists a positive integer <5 such that for every g € G 

x 7c) o * s - (V> x Jb) o (<f> g x g) 

= x o (V. x /c) = o (V. x / c ) . 
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Recall that g € G nontrivial acts on P 1 x C by <j> g (z,b) = (ez,g(b)) where e is a 
nontrivial p— th root of the unity (Remark [19|l. The first component of equality (JTUJ) 
gives either ae d z d — ae s z d or b/e d z d — be s / z d hence S = ±d mod p. The second 
component of equality ()10p implies instead fc°9 = 9 ±S ° /c an d setting := /c 1 we 
get item (ii). 

To prove the remaining implication observe that straightforward computations show 
that the degree p endomorphism of P 1 x C given by (z, b) n- ( yf t , 6) always descend 
to the quotient X and the same holds for the degree d endomorphism, p \ d, (z, b) i-» 

(z ±d ,cp(b)) if cpog = g ±S ocp. ^ □ 

Examples 21. Fix a prime number p, let A be a finite group containing a cyclic group 
of order p, Z/pZ C A. Let iV^Z/pZ) be the normalizer of Z/pZ in A. Letting 
Pa : iV^Z/pZ) — )• Aut(Z/pZ) be the omomorphism obtained by conjugation, we 
denote by ~p A : iV^Z/pZ) 0Z/2Z — s- Aut(Z/pZ) the omomorphism given by (g, a) H> 
(—1)" o pA(g)- Item (ii) of Corollary [20] can be restated asserting the surjectivity of 
the homomorphism 

PAut(C) : N Aut{C) (Z/pZ) © Z/2Z Aut(Z/pZ) . 

To construct examples of surfaces that satisfies conditions in Theorem[13]or Corollary 
l20"lfor any prime p it will be enough to construct a smooth projective curve C of genus 
g{C) > 1 such that its automorphisms group contains the group Z/pZ as a subgroup 
acting without fixed points and such that pA-ut(C) ' s surjective. 

By a classical result of Hurwitz every finite group G can be realized as an automor- 
phism group of a projective curve C of genus greater than or equal to two, [5, Corollary 
3.15, p. 15]. Moreover we can also realize G as a subgroup of Aut(C) in such a way 
that it acts freely on C . Indeed such a G fits in a short exact sequence 

where T is a free Fuchsian group that acts freely on the upper half plane U and 
C ~ U/K. But now C is an intermediate covering of the universal covering U — > 
U/T ~ C/G and hence G must act freely. 

Finally, choosing G such that Z/pZ and pg is surjective (e.g. taking a semi-direct 
product G = TLjpTL k Aut(Z/pZ)) and letting C be a curve such that G acts freely on 
C, we get our examples. 

5. K(X) = — OO: P 1 -BUNDLE OVER AN ELLIPTIC CURVE 

In this section, as the title suggests, we will fix our attention on P 1 -bundles over 
an elliptic curve, namely case (v) of Theorem [3] We keep notations introduced at the 
beginning of the previous section, in particular £ will denote a locally free sheaf of rank 
two on an elliptic curve E. 

Remark 22. According to the classification of vector bundles of rank two over an elliptic 
curve, we may, and will, assume that X is isomorphic to P(£) where £ is one of the 
following locally free sheaves: 

(i) £ — O © C for a line bundle C over E; 

(ii) there is a nontrivial extension 

(iii) there exists a point q G E and a nontrivial extension 

-> O -> £ -> 0(g) -> 0. 
We start by analyzing (ii)-(iii) of Remark [22] 
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Proposition 23. Suppose that 

(11) 0^ O -> £ -> O ->0 

/s a nontrivial extension on the curve E. If f : P(£) — > P(£) is a nontrivial self-map 
then f is not an automorphism of E. It follows that there are an infinite number of 
primes that do not appear as degree of a nontrivial self-map ofP(£). 

Proof. Denote by S the section of X associated to the inclusion of O in £ given by (|lip . 
In order to prove the Proposition it is enough to prove that S is the only irreducible 
curve of zero self-intersection on X that is not contained in a fibre of the projection to 
E. Indeed suppose that / it is an automorphism of E, since Rlj = and on X there 
are no curves of negative self-intersection, the support of Rf is union of irreducible 
curves of zero self-intersection whose projection to E is dominant. If S is the only 
curve on X of such type, Rf = mS for a suitable integer m, but this implies that the 
restriction of / to the fibres must be a nontrivial self-map of P 1 whose ramification 
divisor is supported on only one point, a contradiction. 

Let us prove now that S is the only irreducible curve of zero self-intersection on X 
that dominates E. Suppose that 5" in another such curve. Since (K x /e + S').S' = 0, 
S' is smooth and h : S' — > E the restriction of the projection it : X — > E to S' is etale. 
After extending the base to S' we have 

S' x E X = W(h*£), 

and P(h*£) has two sections of self-intersection zero, namely the pullback of S and S' 
by the second projection. It follows that h*£ spits, and the pull-back of the extension 

CD 

-> O s > -> h*£ -> S ' ^ 
is trivial. But the map induced by h on Ext 1 

Ext4(0,0) ->EKt|/(0,0) 
corresponds in co-homology to 

H 1 (E, O) H 1 (S', O) 
which is injective, a contradiction. □ 
Proposition 24. Let 

(12) 0^O^£ ->0(q) ^0 

a nontrivial extension on the elliptic curve E. If f : P(£) — > ¥(£) is a nontrivial 
self-map then dcg/ ^ 2. 

Proof. Suppose / is a nontrivial self-map of degree two. Let S be the section of X 
corresponding to the inclusion of O in £ given by ([12]) and as usual let F be a fibre of 
the projection of ir : X — >• E. Since by hypothesis / has degree two and S 2 = 1 we 
have 

(13) f*S-f*S = 2. 
Moreover by Projection Formula 



(14) F-f*S=^ 
then 

(f*S) 2 



if deg(/ B ) = 1 
if deg(f E ) ? 1 



J 1 + 2& 
[4 + 46 

for a suitable integer b. In either cases this leads to a contradiction in view of (|13|) . □ 
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Now we come to (i) of Remark[22] We will need the following elementary Lemma. 
If deg(£) > then X = P(0 © C) has a unique curve of negative self-intersection 
and by Lemma \W\ every nontrivial self-map of X has degree a square. Hence we may 
suppose that dcg(£) = 0. 

Lemma 25. Suppose X = P(0 © £), where C is a line bundle of degree zero on E. 

(i) If C is not a torsion line bundle, then there is no nontrivial self-map of X that 
induces an automorphism on the curve E. 

(ii) There exists a nontrivial self-map f : X — > X that induces isomorphisms on 
the fibres and a nontrivial self-map <p on the base if and only if(p*C = C/ 1 . 

Proof. On X there are only two sections of zero self-intersection, and we denote them 
by Si and 5*2, and keep notations introduced in Remark[T5] If C is another irreducible 
curve on X that dominates E and such that C 2 = and C ^ Si,S2 then since 
the numerical class of C must be a multiple of the numerical class of 5i we have 
C ■ Si = and C is disjoint from 5*1,52. Moreover the restriction of the projection 
7r : P(0 ©£) — > E, 7T| C : C — > E is etale. Extending the base to C we obtain three 
sections of zero self-intersection, and then a trivial bundle. But then 

7rf c £ = (7Tj* o sl)0(Si) = Oc(St) = O c 

and C must be a torsion bundle. Suppose then that S\ and 52 are the only irreducible 
curves of zero self-intersection on X different from a fibre. Since on X there are no 
curves of negative self-intersection, if a nontrivial self-map / induces an automorphism 
on the base the ramification divisor is such that Rf = deg(/)5i +deg(/)52. We have 
that f(Si) = Sj, and then arguing as in the proof of Proposition [171 

r E M S] /x = fy*0{S 3 ) = s*f*0(Sj) = s :o((deg(/)5 l ) = (A/- Sl /*) dog(/) . 

Since Nsi/x = -Ys 2 /x = £ tne above equalities implies that f*C = C ±de9 ^\ and 
then, since deg(/) > 2, C is a torsion bundle. 

We are going to prove item (ii) now. We may suppose that C is not a trivial sheaf. 
Since / restricts to an automorphism on the fibres, f*Si ■ F = 1 and f^ 1 (Si) is a 
section of zero self-intersection, i — 1,2, hence f(Si) = Sj. Again, it follows that 
either ]* E C = C or ]* E L = C v . This concludes the proof of the only if part of our 
statement. For the if part, observe that the first projection 

X x v E^ X 

is a finite surjective morphism and since X x v E c± X as projective bundles it induces 
a nontrivial self-map of X with the desired properties. □ 

Remark 26. As a consequence of Lemma [25j if deg(£) = and C is not a torsion 
bundle, every nontrivial self-map of P(C©£) induce an isomorphism on fibres, and the 
only possible degrees of nontrivial self-maps of X are degrees of nontrivial self-maps of 
E. In view of Corollary[6] we will then assume through the rest of this paper that X is 
as in case (i) of Remark [22]and £ is a fc-torsion line bundle. 

If k = 1,2,3, every prime is either a multiple of k or is congruent to ±1 modulo 
k, and by Proposition [17] (ii) there exists a nontrivial self-map of any given degree of 
X . If k > 3 the existence of nontrivial self-maps of any given degree depends on the 
geometry of E and C. 

Notations 27. We will denote by E t = C/(C © O) and E p = C/(C © Cp) where 
p 3 = 1, p ^ 1. We have 



Aut(Ei) = {1, -1, i, -i} ~ Z 4 
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and 



A /rn x A V3 1 V3 1 V3. 1 
Aut(25„) = {- + — - - + — - - - — - 



~ Z 6 



moreover if _E 7^ E'p then 

Aut(f?) = {1,-1}~Z2 

where Aut(E) denotes the automorphism group for the abelian variety structure of an 
elliptic curve E. 

Remark 28. We are going to collect in this remark, for reader's convenience, some 
elementary facts on the ring of endomorphisms of an elliptic curve. Let E be an 
elliptic curve and End(E) its ring of endomorphisms. If E does not have complex 
multiplication then End(£J) is a free Z-module of rank one, every endomorphisms is 
given by multiplication by n, a given integer, and the only possible degrees are squares. 

If E has complex multiplication then End (£7) is a rank two free Z-moudule and 
EndQ(-E) = End(-E) <g>z Q is a complex algebraic extension of Q and [EndQ (i?) : <Q] = 
2. Moreover End (£7) C 0End Q (.E)> i- e - every endomorphism of E is an algebraic integer 
in Endq)(£/), and 



In particular, if a prime number p which is not ramified in EndQ(£7) is the degree of 
an endomorphism of E, it splits completely in Endq(E). 

Lemma 29. Suppose E ^ E t ,E p and X = P(O e © C) with C of k-torsion. If X has 
a nontrivial self-map of any given degree then (f(k) < 4, where <p denotes the Euler's 
totient function. 

Proof. Since we suppose Aut(£J) = Z2, if / : X —> X is a nontrivial self-map of prime 
degree p = deg(/) and Je G Aut(£) then by Proposition [T7] either p is congruent 
to ±1 modulo k or p — k. Denote by *Pi the set of primes obtained in the above 
way, and denote by ^2 the set of primes p such that there exists a nontrivial self-map 
/ : X — > X with deg(/s) = p. By Dirichlet Theorem the analytic density of ^1 is less 
than or equal to 2/<p(k) < 1/2. In what follows we may suppose that E has complex 
multiplication, otherwise the set U*P2 would have analytic density less than or equal 
to 1/2 and our claim would be clearly true. The set ^2 is then contained, up to a finite 
set containing ramified primes (recall Remark[28]above), in the set of primes that split 
completely in the complex quadratic number field EndQ(£?), denote this set by *J$ 2 - 't 
follows by Chebotarev Density Theorem that the analytic density of ty' 2 is less than or 
equal to 1/2. If moreover (f(k) > 4 the analytic density of the set ^1 is strictly less 
than 2/5 and it follows that U ^2) c contains an infinite number of primes. 

Suppose then that (f(k) = 4 and that *Pi U ^2 is equal to the set of primes, then 
*Pi U *P 2 has analytic density one. We are going to show that *Pi n *P 2 has non zero 
analytic density, and this will lead us to a contradiction. We may suppose that the 
lattice of E is contained in Q(iy/a) where a is a positive square free integer. Observe 
that 



where (a/p) denotes the Legendre symbol, see [llj p. 199. Write a = Pi •■ -p n for the 
prime decomposition of a. Since the Legendre symbol is multiplicative, if ( — ) = 1 
and (£*•) = 1 for % = 1. ,.n then (-) = 1. If p = 1 mod Ap t then = 1, indeed 



deg(a) = N EndQ (£)/Q(a) = a • a, Vae End(£;) . 



*P 2 = {p prime I 



) 



1} 



for pi odd 
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by Gauss' Quadratic Reciprocity Law and 



(-) = P 2 

Pi 



1 mod pi 



by Euler's Criterion. Moreover (-jO = (§) = 1 ifp = 1 mod 8. [TTJ p. 65 for pi = 2. 
It follows that p e n *P 2 if p = 1 mod 8ak and the analtic density of the set of 
primes satisfying this congruence equals l/<p(8ak). The proof of the Lemma is now 



Remark 30. If £ is a fc-torsion line bundle, k = 4, 6, by Proposition [17] the surface 
P(C ® £), i? 7^ Ei,E p , has nontrivial self-map of any given prime degree p ^ 2 if 
k = A and p 7^ 2, 3 if k = 6. Moreover, if k — 4 a nontrivial surjective endomorphism 
/ : X — >• X with deg(/) = 2, is such that deg(/e) = 2. Analogously if fc = 6 and 
deg(/) = 2,3 we must have deg(/g) = 2,3 respectively. In general if fc > 4 and 
/ : X — > X is a nontrivial self-map of degree a prime p < k then we must have 
deg(/s) = p. 

We are now in position to conclude the analysis of case (i) Remark [22] We will 
make use of the following elementary Lemma regarding complex multiplications. In 
what follows we will always suppose that the lattice relative to a given elliptic curve 
is generated by 1,t, where r is a complex number. This does not involve any loss of 
generality. 

Lemma 31. The only possible complex multiplications of degree two are 

±\/2i. If an elliptic curve has complex multiplication by ±l±z then it is isomorphic 
to Ei. If an elliptic curve has complex multiplication by ±| + ±-^i it is isomorphic to 
the curve relative to the lattice < 1, A + ^-i >■ 

Proof. For the first part of our statement, recall that if E is an elliptic curve with 
complex multiplication then EikIq(-E) = Q(iy / a), a > a rational integer, and End(-B) 
is contained in the ring of integers of Q(i^/a). A direct computation shows then that 
the only complex multiplications of degree two are the ones listed in our statement. If 
an elliptic curve E has complex multiplication by either ±1 ± i or ±i + ±-^i then 
EndQ(-E) coincides respectively with the ring of integers of Q(i), Q(iy/7), say R. If 
A denotes the lattice of E then R ■ A C A and A is fractional ideal of Q(i), Q{iV7) 
respectively. These two fields have class number one p. 37], so that, after an 
isomorphism A becomes equal to < l,i >, < 1, i + > respectively. □ 

Lemma 32. If £ is a k-torsion line bundle on the elliptic curve E, with fc > 4, then 
the surface X = P(C ® C) admits nontrivial self-maps of any given degree if and only 
if 

• k = 4, E is the elliptic curve relative to the lattice < 1, | + >, and C is 

in the kernel of either § + or | - i^-. 

• fc = 5, E = Ei and C is in the kernel of either 2 + i or 2 — i. 

• fc = 7, E = E p and C is in the kernel of either | + ^ or | - 

Proof. Suppose for the moment that E 7^ Ei,E p , as already observed, see Remark 
[3TJ1 X admits a nontrivial self-map of degree two if and only if we can lift a nontrivial 
self-map, say a of degree two of E. Thanks to Lemma [25] this is possible if and only 
if a* C = C or what is equivalent 



complete. 



□ 



(15) 



(l-a)*£ = . 
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By Lemma [31] a = ±4 ± ^pi, ±\/2i. In the latter case (1 — a) has degree thread and 

()15p implies either fc = 3orfc = la contradiction. If a = 4 ± then (fl~5|) implies 

k = 2 a contradiction. If a = —4 ± then (fj~5|) implies = 4, £ is in the kernel 

of either | + i^- or | — i-^. In either cases we are able to lift a and X admits a 
nontrivial self-map of any given degree, see Remark [30l 

Suppose now that E = Ei. In order for X to admit a nontrivial self-map of degree 
two either we are able to lift ±1 ± i or i* C — C ±2 . Hence k = 5, C is in the kernel of 
either 2 + i or 2 — i and by Proposition [17] we have nontrivial self-maps of any given 
degree. 

Finally let E = E p . In this case the only way to obtain a nontrivial self-map of 
degree two is to lift ip £ Aut(E) with ip*C = C ±2 . But this last condition implies 
that k = 7 and C is in the kernel of either § + ^ or § - It follows that there 
is an element A £ Aut(E p ) such that X*C = C 2 hence and (A)*(A)*£ = £ 4 . By 
Proposition [17] we have nontrivial self-maps of any given degree. □ 

Finallyfor reader's convenience, we collect results obtained in this section in the 
following Corollary. It provides the last step in establishing Theorem [2] 

Corollary 33. X isP 1 -bundle over an elliptic curve E, P(0©£), where C is a k-torsion 
line bundle on E and either k = 1,2,3 or 

(i) k = 4, E is the elliptic curve relative to the lattice < 1, | + >, and C is 

in the kernel of either or ^ — i^-. 

(ii) k = 5, E = Ei and C is in the kernel of either 2 + i or 2 — i. 

(iii) k = 7, E = E p and C is in the kernel of either § + ^ or | _ b£I, 

Proof. This is an immediate consequence of Remark [5^] Proposition [53] Proposition 
[Hand LemmaEl □ 
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